Solutions

1. a. Ify = v/sinx then 2y dy = cos x dx and cos? x = 1 — y*, so

3

[£2X ax—2[a -y ay =2 (y— v*) +a = 35— s x) Ve + a.
sin x

b. If y = arcsin(x?) then dy = 2x(1 — x*)"1/2 dx, so

J x arcsin (x2)

2
dx = %Jy dy = % <arcsin(x2)> + b.

V1— x4
c. The resolution into partial fractions of the integrand is
x+6 2 2x +3

x(x2+2x +3)  x x2+2x+3’
where the coefficient over x is found by inspection (covering and evaluating) and the coefficients

over x2 + 2x + 3 are obtained by comparing the quadratic and linear terms of the numerator. The
integral of the second partial fraction is

J{x22:2j;2+3+ (x+11)2+2} dx =log(x* +2x +3) + jy/2arctan (3v2(x +1)) +¢,
and therefore

in_%dleogxiz

x(x2 + 2x + 3) x2+2x+3

d. Repeated partial integration and absorption gives

— 1 2arctan (3 /2(x +1)) + ¢

Jsin(log x) dx = xsin(logx) — x cos(log x) — Jsin(log x) dx

= %x (sin(logx) — cos(logx)) + d.

e Ify = m, thel‘ly2 :x2—4, soy dy = xdx, or dx/(xy) = dy/(xz),andthus
a(Y) = dy 2ydx dy 2(x*—4) . 8dx  dy

x2 X2 x3 X2 x5y X3y y?+4

Therefore,

dx oy 1 dy  vx2—4 1./

Ji,@ i 82 + §J7y2+4 =&l + Earctan(p/x 74> + E.

f. Multiplying and dividing by /3 4+ x omits —3 from the domain of the integrand, and gives

34+ x 1 J’

——= dx = 3arcsin (3% dy = 3arcsin VI—x2+f,
J s (3~ ] 4w = (3) -
where in the second term y = V9 — x2, so that dy = —(x/y) dx.
sin &
e

2. a. Revising the expression in the limit and using the fact that hm =1gives

log(sin x) 1+log(s‘2") /(logx)

N log(sin2x)  x—0+ 1+ log (2832%) /(log x)

b. Ify = %n—xandz:l/y then

sin o
lim (tanx)>*"™ = lim (coty) ?Y = lim < Y ) - lim e 2(egz)/z — 1
x— 3w y—0+ y—0+ \ Yy cosy

by elementary properties of the logarithm (the definition of log z implies that 0 < logz < z if
z > 1, which immediately gives 0 < (log 2)%/2P < (2a/b)%2 %2 forz > 1and a,b > 0).
c. Combining terms and using the Maclaurin expansion of the exponential function gives
e —1-3x 4 Ix+ZxP+ -
lim = lim
x—0 X(€3X—1) x—0 3+§X+§X2+"'

S]]

(Alternatively, two applications of 'Hopital’s rule could be used.)

3. a. Partial integration gives

o0
J(fxe”‘) dx = lim (x +1)e™ ™
t—o0
0
via basic properties of the exponential function (the inequality proved in Part ¢ of Question 2
immediately gives 0 < y a/eby® < (ZCL/(bc))‘l/Ce*%}"v"C for a,b,c,y > 0).
b. Integrating by inspection gives

2

Ji( dx ,hmsm
X
0

71)2/3 s—1

2

+ hm 3v/x —

4. For — % T<X < %7’(, the equation in question is equivalent to
1 d
—— log(er\/y +4 ) log(secx) + C,
u? +4 dx
Y-+

which is equivalent to y + 1/y2 + 4 = A secx (in which A = eC). The initial condition y = 0
if x = 0gives A = 2,50y + \/y? +4 = 2secx. To express y as a function of x, observe that
subtracting y and squaring gives 4 sec? x —4dysecx =4, 0ry = secx — cosx = sin x tan x.

=tanx, or

5. fg=x’+x+4andy=x3+x2+3x+1theny—y=—x2—2x+3=(3+x)(1—x),

which is positive if —3 < x < 1 and vanishes if x is —3 or 1. So the area of the region enclosed by

the curves is

1
__2 )
=—-3 +8+12= 3 -

1
J(ﬁ—y)dx: J(—XZ—ZX—FS) dx = (—%x3—x2+3x)
_3 -3

-3

6. Ify =x+1landy = x3 + x theny —y = 1 — x3, which is positive if 0 < x < 1 and vanishes
if x = 1. The solid obtained by revolving R about the x axis consists of annuli of inner radius
x3 + x and outer radius x + 1, for 0 < x < 1, so its volume is equal to

1

nj{(x +1)2— (x*+ x)z} dx.

0
The solid obtained by revolving R about the line defined by x = 3 consists of concentric cylindrical
shells of radius 3 — x and height 1 — x3, for 0 < x < 1, so its volume is equal to

1
24(3 —x)(1—x%) dx.
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7. Ifx = —y — —logy,then
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and hence
y T2 y
_1 -1 — 12 _ 1
J 1+<dn> dnfzj(n+n )dn iy"—1) +5logy,

which is the length of the curve between (1,1) and (x,y) if y > 1, and is —1 times the length of
the curve between (4, )and (x,y)if0 <y < 1.



8. a. Since
2n 2

3

. 1/t _ . _
ImA+67"=e  lim o7 =

and
3n—1

@ 3n+1 “_ 14 2 n .2,
T \3n-1) 3n—1 ¢

it follows that lim a, = e%/3.
n—oo

b. Since
n3(2n)! n3 n
an = = =

(2n +2)! 2n+2)2n+1) 2(1+1/n)(24+1/n)’
it follows that the sequence { a,, } diverges to co.

9. If . 1 1 1
- d An=—+—1,
fn n n+2 an b n+ n+1
then an = Ay — Apyq for n > 1, and the sum of the first n terms of the series is
1 1
=Al—Appi=50— —— — ——.
a; +az + + an 1 T T T a2
Hence, the sum of the seriesis lim (aj + ap + -+ + an) = 3.
n—oo

10. a. If n > 1 then

_Vn2+3 v/n? 1

T 3247~ m2+7n?  10n

so the comparison test implies that }_ a, diverges with the harmonic series.

: d
b. Since 3

an

4 (xV4logx) = }x7/4(4 —log x) is positive if 0 < x < e* and negative if x > e?,
it follows that

1 1 1 4 1
0<a, — ogm _ logn

S S A
for n > 1. Therefore, the comparison test implies that }_ a, converges with the p-series 3~ n /4.

11. a. Since }_ 2~ ™ is a convergent geometric series, and

= =1.-.2.2... Z
O<an=1357 n+D) 357 mri-\2
for n > 1, the comparison test implies that ) (—1)™ ar, is absolutely convergent.

b. If n > 3 then

n! 1 2 3 n (1)“/

TLTL

n n n n
T 3n+l 33

1 .
=3 33 --§>§>O, ) Tlh_I)I})Oo.n:oo.
Hence, the vanishing condition implies that }_ (—1)™ a, is divergent.
c. If n > 1then

n
an -
3

11y

an = =Y2. >y,
T VAn+37 VAn+an

4 /n
so the comparison test implies that } a,, diverges with the p-series 3 n~1/2. On the other hand,
1 1
T An+s VBnis o
if n > 1, and lim an = 0, so the alternating series test implies that ) (—1)™a, is convergent.
Therefore, the series )~ cos(n7m)an = ) (—1)™an is conditionally convergent.

12. If x # —1and

1" nn" 1
an:%, then lim’(x““ =lim————|x+1| = {x +1],
5" /n Xn 5/1+1/n
so the ratio test implies that }_ &y, is absolutely convergent if [x + 1| < 5,ie, —6 < x < 4,
and divergent if x < —6orx > 4. If x = —6then J an = Y n /2 is a divergent p-series

(p=13%<1),andifx =4then y an =Y (—1)"n~1/2 which is convergent by the alternating
seriestest(n™12 > (n+1)"Y2ifn > 1,and lim n~/2 = 0). Therefore, the radius of convergence
of Y &y is 5, and the interval of convergence of )~ oty is (—6,4].

13. From the expansion1/(1+t) = }_ (—1)*t* (a geometric series), it follows that

1 1 1 1 & (—1)k X
= — . J—— —1
24x 3 1+1(x—1) 3kZ:0 g (x— 1

=3 G (-1

k-
=l Ix-D+EHx-12—Fx—1P%+--,

which is valid if %Ix — 1] < 1, or equivalently, —2 < x < 4.




