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Final Examination

1. Evaluate the following integrals.

(a) /;MM

(5)

Solution:
! completing the square ! =x—1 0
/ V2r — 12 dy === / V—(z—=1)2+1dz Z_I; / V1—u?du
0 u=dx 1
01 20 1 (0 1 [
+cos d9:—/ d9+§/ cos 20 df

, 0
—u=sinf / cos® 0 dh = / EE—
_x _r 2 2/
2 2 2 2

du=cos 6 df
1 0

0

us
2

1
=0
2

jus
2

I 1
b) /ﬁezdx

(5)

Solution:
/—ez dx 51 /—ue“ du = /—ude“
= —ue" — /e“d(—u) = —ue" + /e“ du = —ue" +e"+C
I+ 2
x
1
¢ dx
(c) /($+1)(a:2+1)
Solution: Using partial fractions, we have
1 1 1
1 _ 3 I —37 + 3
(x4+1)(z2+1) =x+1 2 +1
So
1 1 1 x 1 1
dr — = d = d
/m—i—l v 2/x2+1 x+2/x2+1 !

/ ; !
r ==
(x+ 1) (224 1) 2
1 1
In|z + 1] —Z—lln]:c2+1\+§arctanm+0

(d) /lnt(i%x)dx

Question 1 continues on the next page
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(5)

(5)

(4)

Solution:

tan sinz w—cos T —du  —nu 1
[t = [ e gy —eme [ e 2,
In(cos x) In(cos x) du=—sinzdr | ulnu g=1du t

sinz dr=—du

=—In|t|+ C = —1In|ln(cosz)| + C

(e) /xtaanda:

Solution:

1
/:Btanzxa@:/:B(seCQx—1)dx:/:vsec2xdar—/xdxz/xdtanx—5:762
1

integration by parts
rxtanz — [tanxzdr — 2952

1
=xtanz + In|cosz| — éxz +C

(£) / (arcsin z)? dz

Solution:
u=arcsin

/(arcsin 2)? do ==224 [dx = cos u du] /u2 cosudu = /u2 dsinu

:u2sinu—/2usinudu:UQSinu—i-Z/udcosu

= U2Sinu+2 (’LLCOSU— /COSU,dU)

=u?sinu + 2 (ucosu — sinu) + C

= zarcsin’® x + 2(arcsin z cos(arcsin r) — x) + C

2. Evaluate the following improper integrals.

* arctan x
——d
(2) /_OO 1+az

Solution:

xr
1+$2 du=—1- dz
l+z2

t u=arctan x 1 1
/arc ML g uzarctans /udu = §u2 +C = §arctan2x+0

Question 2 continues on the next page.
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Hence

arctan x
1+ 22

[

O arctan z arctan x
———dx + ——dx
— 0 1 + :L’2 0 1 + .Z'2

0 fe'e)
arctan x arctan x
/ - dr + lim ——dx
S

lim

S§——00

) 1 2 1 2
lim ——arctan®s 4+ lim — arctant
s——o0 2 s—00 2

5 (<3) +5(3) =0
2\ 2 2\2/)

% sin (y/7)

(4) (b) i le’

Solution:
/de LoV 2/sinudu = —2cosu+ C
NG du=51~ da

2du:% dx

= —2cos (\/E) +C
Hence

/1 sin (1/7) de— lim [ Mdz — lim (—2 cos = + QCOS(\/Z)>
0 \/5 t—0+ J, \/5 t—0+ 4

—V2+2

3. Find the following limits
. 2cscx
(a) ilir(l)(l + 3x)

(4)

Solution:
hm(l 4 3x)2cscz = lim chscatln(l—i—&r) _ elimzﬁo2csczln(1+3x)
z—0 z—0
while
2In(1+3 2.3
lim 2 csc x In(1 + 3z) = lim M =+ i3r _ g
20 z—0 sinz =0 COSZT
So
11111(1 + 3x>2csca: — 66
x—0
In(1
(1) (b) lim o212

z—0 1 — cosx

Please go on to the next page.
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Solution:
zln(l + 2) LI In(1 —l-..ilr) + 15 _ lim ln(l. + ) LT
1 —cosz z—0 sinx z—0 singx sinz 1l4+=zx
Then .
In(1 -
lim M * lim =+% — 1
z—=0 sinzx z—0 COS T
while
T 1
im — . =
z=0sinx 14+
Hence (1
lim roavTy n(l +7) =2
z—0 1 —cosx

(4) 4. Solve the ordinary differential equation z + 3y*v/z2 + 1y’ = 0 with the initial condition y(0) = 1.

(5)

Solution: One has p
x4+ 3y*Va? + 1d—y =0
T

= —V14+a2+C

From the initial condition, we have
1=—V1+C;, C=2

Hence

yP = V142242

Hence
xdr + 3y°Va? + ldy = 0; xdr = —3y*Va? + 1dy
x
——— dr = —3y*d
1 y-ay
x
———dx = /—3 2d
/ 21 Yy ay
Here
x w=22+1 1 [ du
—  dy —/— — — = C = vl 2 C
/\/(E2+1 . dsz?a{céx 2 \/ﬂ \/E—i_ T
z dr=5du
and
/—3y2 dy =—y* +C
So

5. Find the area enclosed by y = sinx and y = cosz between x = 0 and x = 7.

Please go on to the next page.



Final Examination Total points 100 Page 5 of 9

[Marks|

Solution: Between z =0 and x = 7, y = sinz and y = cosz has an intersection at x = 7. So the
area S is

¥ . T . ; NG
S = cosz —sinzdr+ | sinz —cosxdr = (sinx +cosz)| + (—cosz —sinz)
0 us 0

:<£+%§>_1+1_<_£_£>

NE]

2
— 22

(5) 6. Sketch and shade the region R enclosed by y = 2%, y = /= between x = 0 and x = %

(4) 7. Find the arc length of the curve y = In(1 — 2?) in the interval 0 < z <

(a) Set up but do not evaluate the integral for the volume of the solid obtained by rotating R
around the line y = 2.

(b) Set up but do not evaluate the integral for the volume of the solid obtained by rotating R
around the line z = —2.

Solution:

0.5 1

(a) V = /027r<2 _ (2= E)da

(b) V=/0227r(2+x><¢5—:c3)d:c

1
3

Solution: One has

1 — g2

Please go on to the next page.
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Hence the length L is

—2x
1 — a:'2

: }
:/mmz/ 1+
0

1—1—2:102—1-:64 / 1+x2
1
:/2 —1da:——/ +1ldx =
1
=In3— -
R

(1 —22)? +4x2

N EO RS

/21+x
1 — 22
(—ln

. Determine the convergence or divergence of the sequence {(—

1)"ne~"}. Justify your answer.

. Find the sum of the series Z

Solution: Since

SO

Hence the sequence converges to 0.

1
(n+1)(n+3)

Solution: One has

1 11
(n+1)(n+3) 2\n+1
So

n=1

For the series

M

1 1
— , its partial sum
n+1 n+3

Hence

= 1 & 1
Z (n+1) n—|—3):§;(n+1_

NGERCRREDE

1
n-+ 3
1
n+3

Please go on to the next page.
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and consequently,
o

1 1

(n+1)(n+3) 2

5 D
6

12

n=1

(9) 10. Determine whether the following series converge or diverge. Justify your answers.

n

() D

n=1

Solution: Use the integral test. Take f(x) = % Then

, ex(l + 621‘ _ 26390 et — 631‘
= = <0
f(x) (1 + e2¢)? (14 €2%)2

So f(z) is decreasing. Also

1+ e2e t—oo fy 1+ e22 t—00 1 t—00

T
= — — arctan(e)
2
which converges. So from the integral test, the original series converges.

Qp+1

n—oo @y, e

— 00

[e.e]
. . 1.
the geometric series E — Is used
e
n=1

00 T 13 e’ t
/ dxr = lim dr = lim arctan(e”)| = lim arctan(e’) — arctan(e)
1

1
One can also use the ratio test (lim =-< 1) or the root test (L’Hospital’s rule is

1
needed and finally one gets lim = — < 1). One can also use the limit comparison test where
n e

w3 ()

n=1

Solution: Use the root test.

. o1 fon+1\® . a1
lim /a, = lim = lim = lim

So the original series converges.

Please go on to the next page.
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Solution: Using the limit comparison test.

1y (1 o (1
sin(2) s (3)

n n
o . . 1 . .
Hence from the limit comparison test, since E —; converges (a p-series with p = 2), so does
n

the original series.

(8) 11. Determine if the following series converge absolutely or converge conditionally or diverge. Justify your
answers.

(a) z:(—l)nng—le

n

=1

Solution: First, we use the limit comparison test.

n /n3 3 1
lim Y5 Jim Y Jim y/——— = lim _ =1
n—o00 \/ﬁ n—oo v/m3 4+ 1 n—00 nd+1 n—00 1—}—5

e n 1
So the series Z _— —
—V n3+1 vn

the original series does not converge absolutgly.

diverges because Z diverges (a p-series with p = %) Therefore
n=1

On the other hand,

= =1 3+1—lim
n—o00 n _|_1 n—o00 nnS n—o00 1+%
and
( n )’_\/m—n-%-—n§+l-3n2_ n®+1—3n?
nd 4+ 1 n +1 (n3+1)vn3+1

B —%n?’—kl -
W+ VA1

n
. . . n3+1 . . . . .
the original series converges, and therefore the original series converges conditionally.

when n is big enough, which implies decreases. Hence by the alternating series test,

(b) Z(—w(;n)!

n

n

=1

Solution: Use the ratio test.

n+1
L — n+1 2 |
= lim (2(7;1))! = lim ¢ . (2n) = lim c =0<1

Ap+1
Qp,

lim
n—oo

Please go on to the next page.
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Hence from the ratio test, the original series converges absolutely.

27’L
. Find the interval of convergence of the power series Z z*,
n=1 n
Solution: Using the ratio test.
2" .2(nt1)
a x 2n
lim | = lim ”+én = lim |:172‘ = 2|x2| <1
n—00 | QA n—00 7%‘2” n—oo N, + 1
Hence [2?] < 1, so |z| < ‘[ , that is, the radius of convergence is f
. Find the Taylor series of f(z) = 3! at z = 2.
Solution:
€3x+1 63(1 24+2)+1 __ e3(:v 2)+7 __ 676 (z—2)
X Tan
o 3(z — 2 B e'3
=e Z =2 -2y

n=0

o0

Z(—l)”% converges.
n

n=1

. Suppose there is a positive sequence {a,}>°, which is decreasing and lim a, = 2. Prove the series
n—oo

Solution: Use the alternating series test. Since the sequence {a,} is positive and decreasing, %=

a
is also positive and decreasing. Also since lim a, = 2, lim — = 0. Hence from the alternating

n—oo n—oo M

series test, g — converges.

This is the end of the examination.



