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Factoring

Factoring Monic Quadratics using the Product-Sum Technique

A monic polynomial is a polynomial whose leading coefficient is 1. That is, the variable with the
highest power will ONLY be multiplied by 1.
A quadratic polynomial is a polynomial whose highest power is 2.

Technique: 22 +bx+c = (z+m)(x+n) where mn = cand m+n = b

Exercise Factor the monic quadratic polynomial 2% — 3z — 28

Solution 2% — 3z — 28 = (z — 7)(z + 4) because —7-4 = —28 and —7 + 4 = —3

1. If b2 — 4ac < 0, the polynomial is irreducible/cannot be factored. In this case, we
consider a = 1. If you are unsure, it is always useful to check.

2. If the constant term is positive, then the two values, m and n will either both be positive
or both be negative. (As their product needs to result in a positive.

3. If the constant term is negative, as in this example, then one of the terms will be
positive and one of the terms will be negative. (As their product needs to result in a
negative.) If the coefficient of z is positive, the resulting sum will need to be positive,
so the larger value will be positive. If the coefficient of z is negative, as in this example,
then the resulting sum will need to be negative, so the larger value will be negative.

4. If you have trouble finding the two values, start by dividing the constant term by 1.
(1)(—28) = —28 but 1 — 28 = —27 (2)(—14) = —28 but 2 — 14 = —12
28 is not divisible by 3
(4)(=7) = —28 and 4 — 7 = —3, so these are our two numbers.

We could also factor z* — 2022 + 100 using the rule 2% + bx + ¢ = (z + m)(z + n).
Think of it as (22)? — 20(2?) + 100. We need two numbers whose product is 100 and whose sum is
—20, so we can see that the two numbers must be negative. These two numbers will be —10 and
—10. We then use z? in the formula instead of x, so we get
% — 2022 + 100 = (2? — 10)(2? — 10) = (22 — 10)2. Technically, this can be factored even more using
the difference of squares, to give
z* — 2022 4+ 100 = (22 — 10)(2? — 10) = (22 — 10)? = (z — v/10)%(x + 1/10)?
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Sum and Difference of Squares

Difference of Squares Formula a?> — b> = (a — b)(a + b)

Exercise Factor 1622 — 81y? = (42)2 = (9y)?

Solution 1622 — 81y? = (42)2 = (9y)? = (4= — 9y)(4z + 9y)

In this case, we directly applied the difference of squares formula, with a« = v/1622? = 42 and

b=+/81y% =9y

If there is a constant term, it does not necessarily have to be a perfect square. See the
following example.

Exercise Factor 422 — 10

Solution 422 — 10 = (2z)? — (v/10)? = (22 — v/10)(2z + +/10)

Once again, we directly applied the difference of squares formula, with « = V422 = 22 and
b=+/10

Sum of Squares A sum of squares, a? + b? is prime and thus
cannot be factored/is irreducible

Exercise: Factor z2 + 9

Solution 22 + 9 is a sum of squares. It is therefore irreducible and cannot be factored.
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Sum and Difference of Cubes

Sum of Cubes Formula o® + b = (a + b)(a® — ab + b?)

Exercise Factor 822 + 273

Solution 823 + 27y% = (22)% + (3y)® = (22 + 3y)(42? — 62y + 9y?)

We directly applied the sum of cubes formula with o = V/82% = 22 and b = {/27y3 = 3y

Difference of Cubes Formula o® — b® = (a — b)(a? + ab + b?)

Exercise Factor 6423 — 1

Solution 6423 — 1 = (42)% — (1)® = (42 — 1)(1622 + 4z + 1)

We directly applied the difference of cubes formula with o = V/642% = 4z and b = {1 = 1
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Greatest Common Factor

The Greatest Common Factor, or GCF, is the largest factor that is shared by all terms.
Factoring out the GCF should always be your first step when factoring any polynomial.

Steps for Factoring out the GCF

1. Think of each term in prime factored form (if necessary/useful, write each term in
prime factored form)

2. Identify the factors common in all terms.
3. Factor it out by writing it in front and dividing each term by the GCF.

4. After factoring out the GCF, always check to see if more factoring can be done.

Exercise Factor 902°y* — 4523y° + 302%y® + 1523y by first identifying the GCF.

Solution 902°y* — 4523y° + 302493 + 1523y
(5)(3)(3)(2)z°y* — (5)(3)(3)2%y° + (5)(3)(2)x*y +(5)(3>x3y3 = (5)(3)2°y°[(3)(2)2*y —3y* +22 +1] =

152393 (62%y — 3y? + 22 + 1)

The GCF is 1523y3. The resulting polynomial after factoring cannot be further factored.

Tips:

1. For variables, if the same variable occurs in every term, we always take the one with
the SMALLEST power for the GCF, even if that power is negative or fractional.

2. When dividing each term by the GCF, I find it useful to ask 'What did I take away? So
what’s left over?’

3. Remember, if one term is the entirety of the GCF, then when factoring out the GCF,
there will be a 1 left over.
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Factoring by Grouping

Factoring by grouping is useful for cubic polynomials (power of 3) with an even number of terms
or for factoring non-monic quadratic polynomials.

Steps for Factoring by Grouping
1. Separate into groups of two terms

2. Factor out the greatest common factor from each of the groups

3. Factor out common factor of the whole, where each group is considered a term

Exercise Factor 222 + 422 4+ 42 + 8

Solution 223 + 4% + 42 + 8 = (22% + 42?) + (dz +8) = 22%(x + 2) + 4(z + 2) = (z + 2)(22% + 4) =
(x+2)(2) (2% +2) = 2(x + 2)(2® + 2)

OR GCF first

2% +42% + 4z + 8 = 2(2% + 222 + 22 + 4) = 2((z3 + 22%) + (22 + 4)) = 2(2%(x + 2) + 2(x + 2) =
2(x + 2)(2? +4))
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Factoring Non-Monic Quadratic Polynomials

Remember, a monic polynomial is a polynomial whose leading coefficient is 1. So a non-monic
quadratic polynomial will be one in which the highest power of z is 2, and the z? term is multiplied
by a number other than 1.

Technique ar? + bx + ¢ = ax® + ma + nx + c where m - n = a - c and m + n = b. This can now
be factored by grouping.

Exercise Factor 1222 + 162 + 5 by grouping.

Solution We want two numbers whose product is (12)(5) = 60 and whose sum is 16. These
two numbers are 6 and 10, so 1222 + 16x + 5 = (1222 + 62) + (102 + 5) = 6x(2x + 1) + 522 + 1) =
(22 + 1)(6x + 5)

Tips:

1. If b — 4ac < 0, the polynomial is irreducible/cannot be factored. If you are unsure, it
is always useful to check.

2. The order in which you put m and n does not matter. So az? + mx + nz + b will factor
in the same way as ax? + nx + mz + b.

3. If there is a GCF, always start by factoring it out. The resulting polynomial will be
easier to factor.

4. If you have trouble finding the two values, start by dividing the constant term by 1.
)(6) = 60 but 1+ 60 = 61 (2)(30) = 60 but 2 + 30 = 32

)(20) = 60 but 3 + 20 = 23

)(15) =60 but 4 + 15 =19

)(12) = 60 but 5+ 12 = 17

)(10) = 60 and 6 + 10 = 16, so these are our two numbers.
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