Review Problems # 4

(1) Given a:(s,z,—1) ,a=(1,2,—4) ,w:(o,—6,7) ,

find (a) vxw ; ('b) a unit vector in the direction of 7 xw ; ( ¢) a vector of length 4 in the direction
of ¥xw ;(d)ux(?—2w); (e)the area of the parallelogram determined by v and w ;

(f) Proj, u ; ( g) the component of 4 orthogonal to v
(2) Given 3 points : P (2,—6,1) ,Q(1,1,1) ,R(4,6,2) ,
find(a) £P,£2Q,ZR ; (b)the area of A PQR
(3) Find i e (3 x W) given i = (1,3,—5) = (3,4,5) and @ = (1,3,—4)
(4) Assume that i e (Uxw) = —4 ( Remember that @ e (7 x @) is a determinant )
Find: (a)de(wWxd);(b) (vxw)eid;(c)we(ixd)
(d)ve(uxw);(e) (ixw)ed; (f)Te(wxuw)
(5) Find the volume of the parallelepiped determined by
U= (1,2,1) LU= (3,1,—2) and @ = (2,1,3)
(6) Prove the identities:
(a) (ki +7)x0=1ux(kv);(b)ie(txuwW)=—(ixw)ed
(c) [2@— 39" = 4fal —12( e %) + 9]’
(7) Given @ = (2,—1,1) U= (1,1,2)
(a) find the angle between % and ¥ using the dot product
( b) verify that |[i x 3| = [|i[[[7]sin ¢ using @ and ¥ and the angle you found in ( a)
(8) () Verify that i+ o + i — o[ = 2(Jal] + )
( b) Interpret your result in ( @) geometrically. Remember that % +7vand u—7v are

the diagonals of the parallelogram determined by # and v .
(9) Find the following intersections or show that there is no intersection

dz+12y+32=24 3z 46y +4z =18
(a) the plane {2z + 5y + 10z = 20 (b) the plane {3z +3y+42=15

20+ y+ 2z2= 8 3x+2y+4z2=14

u 5 -1 2] (3 4 2] (-1 12

(c)thelineL: |y|=[-3|+¢t| 2 | and the plane 3z + 4y —2=—26 ; (d)thelineL,: |y|=|4|+¢t|1| andthelineL,: |y|=| 7 |+s|6
z -1 -5 [z] 1 0 [z] 5 3
T 5 -1

(e)thelineL: |y|=|-3|+t| 2 | and the plane 3z —y—2z=20
z ~1 -5
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(10) Find the equation of a plane
( @) containing the position vectors u = (1,2,— 5) and 7= (—2,3,8)

( b) containing the lines in (9 d)

< |1 0
( ¢) containing the point (5, 3, -2) and the line |y|=|2|+t| 3
z 3 =7

( d) containing the point (2, 1, 3) and perpendicular to 2 planes
P4z —2y+2z=>5and P,: 3z 4+ 3y — 62 =12
( e) containing the point (2, -1, 3) and parallel to the plane P: 4z —y + 2z = 12

T 1 0
( f) containing the point (2, 1, -3) and perpendicular to the line |y|=| 5 |+ t| 2
z -9 -3

( g) containing the point (2, 1, -4) and perpendicular to the line of intersection of the planes
dr+2y+2z=—-1 and 3x+6y+32=7
(11) Find the equation of a line:
(@) containing 2 points P, (2,— 1,— 3) and P, (1,2,4)
( b) through (1, -4, 5) and parallel to planes 2z +y—42=0 and —z+2y+32+1=0
( ¢) containing point (1, 2, 3) and perpendicular to plane 3z + y — 4z =12
( d) which is the intersection of the planes P;: — 3z +2y+ 2= -5 and P,: Tz + 3y —2z = -2
(12) Sketch each of the following: state the normal and show intercepts and traces.
(a)z=3;(b)y=-2;(c)3y+22=6;(d)3z+2y=6
(€)3z+2:2=6;(f)3x+2y+42=24
(13) Find the perpendicular distance between

x 1 3
(a) the point (1, -1, 3) and the line |y|=| 0 |+ ¢|1
z -1 4
z -3 3 z 1 3
( b)the parallel lines L,: |y|=| 2 |+¢t|1| and L,: |y|=| 0 |+¢|1
z 4 4 z -1 4

(c) point (1, -1, 3) and the plane 3z —y + 4z = 20
(d) the parallel planes P;; —3z —y+42=20 and P,: 3z —y+4z=-3

2z |3 2 . 1 1
(e)theskewlines L;: |y|[=|0|+¢| 1| and L,: |y|=|1 |+¢|0
Z 1 -3 z -1 1
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Solutions:

N _ | L N 4
(1)(a)v><w—(—10,—7,—6) - (b) M(vxw)_ \/ﬁ( 10,— 7, 6) . (¢) 185( 10,— 7, 6)
(d) 7 — 2w = (1,14,—18) i x (B —2W) = (—22,53,40) (&) [ox | = Vi85

ien_ 11 o S|
(0 0= 51{12:- 1) § (9) 7 —Proj, i = 1(52.20.29)
(2 a) Q(1,1,1) PQ e PR 82
cosP = ——— = = /P ~18.19°
”PQ” PR” V50 /149
QPeQR _  —32 .
- Q = = /Z Q=~139.9
P(2,-6,1) R (4, 6, 2) Cos ||Q—P» |Q—R»|| 750 I35 =
RPeR(Q 67 .
COSR =f7—i—r = = /R~2191
[rP|ra] 199 V35
(2b) PG PR=(7.1,-26) — area s PQR = %”@xﬁ” - %«/726 ~ 13.47 sq. units
3 —5-1 |1 3 —5]-1
(B)ue(¥xuw)=[3 4 5 |12/=|0 -5 20|15|=-5
1 3 —40 0 O 111
U U U U U U
(4a)ie(Wx?)=|w, w, uw, il R b —<Zi o (vx E)) =—(—4)=4
Ul 1}2 US wl w2 wS
(4b) (Ixuw)eti=1te(Uxuw)=—4 (dotproductis commutative )

W, W, W, U Uy Uy U Uy Uy
(4do)uwe(ixv)=|u u, u, R [ Wl = (v, v, v =tde(VxW)=—4
v Uy Yy v U U wy, W, Wy

v Uy Y U U U
4d)ve (ﬁ X @) =lu, U, U i v, v, U= —(ﬁ ° (1} X w)) =—(—4)=14
W, W, W, w, W, W,
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Solutions:
Ul ,UQ /Ui ul u? ui

(4) (e) (ixuw)et=Te(ixuwW)=|y, u, le}az(_l) v, v, U :(—1)(ﬁo(v><w)):(—1)(—4):4
W, W, Wy W, W, Wy

(f)ve(wxw)=71e0, =0 (scalar)

2 1 1 2 1
(5) Vol = Absolute value of |3 1 —2|= absolute of 0 —5 —5|= absolute of —20 = 20 cu. units
2 1 3 0 -3 1

(6 a) (ki +0)x 0= (kix D)+ (3x7) =k(ix?)+ 0, =k(ix7D) =1 x(kv)

U Uy U U Uy U
6b)ie(ixw)=|v, v, v R;{2(—1) uo u, | =—(Te(ix®))=—((ixw)e7)
W, Wy, W, w, Wy, Ws

dot product is commutative

(6 c) |2 — 31}” (24 — 37) o (21 — 37) = (21 — 37) e (2u) — (24 — 30) ® (30)

:4uou—600u—6603+9§05:4”17”2—12({'403)—{—9”6”2

7 9—“'“ 5 _ 1 o g0
(F2)eost =~ %66 2
J3

(7maxa:psﬁsgyﬁwxwz3@L_Lg:3¢L¢wwwsmezJamsmarzaa-:&E

therefore , [[@ x @ = ||| [7]| sin 6

@a) i+ +|i—3] =(@+7)e(d +5)+(a—a).(a—z
—ueu+veUu+UeT+VOT+U®

=l + 2t o 5+ o] + | — 2t 0 5 + o] —2(IUI| +||v||)
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Solutions:
(8 b) o U+ u+7v and u—7v form the diagonals of the parallelogram
; U—7v

IS

sum of squares of diagonals =

2x(sum of squares of sides of parallelogram) [

<!

4 12 3 |24{43
(9a) |2 5 10[20[37|= (:p,y,z) = [g,;—?,%] , @ single point of intersection
2 1 2|8(13
3 6 41831
(9b) |3 3 10[15|25| = (:v,y,z) = [#,1,4 , a line of intersection
2 1 2(14)23

(9¢)3(5—t)+4(—3+2t)—(—1—5t)=—26=>15—3t —12+ 8 + 1 + 5t = —26

10t = —26 —4 = —30 =t = —3 ; point of intersection : (x,y,z) = (8,— 9,14)

t s

344t =—-1+12s |34+4t=—-1+12s —6[3] 1 —6/3| |3 0-15| ;= _5

Qd){ 44+t=7+65s =1{44+t=7+6s =1 =3/-1~|0 [B]|-4|~|0 3|-4|= 4

1=5+3s 1=5+3s 0 —3[4| |0 =3[4| |0 0|0 3
t:—5:>(I,y,z):(3,4,1)+(—5)<4,1,O):(—17,—1,1)

point of intersection

s = —§:> (myz): (—1,7,5)—%(12,6,3):(—17,—1,1)

9e)3(b—t)—(-3+2t)—(—1-5t)=20=15—-3t+3 -2t + 1+ 5t = 20 = 19 = 20 impossible
therefore , L does not intersect P . (L is parallel to P )

(10a)ﬁ:axa:(31,2,7) (1, 2,-5)
2 [0 1 9
(31,2,7)o<$—0,y—0,z—0)20 or |y|=|0|+¢t| 2 |+s|3
> z 0 -5 8

31z +2y + 72 =0 (0, 0, 0) (-2, 3, 8)
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Solutions:
(10 b)ﬁ:k(dﬁx@):(:s,—u,lz) ;Letﬁ:(l,—4,4) E:(4,1,0)
2 (3] (4] (4
(1,—4,4)0(x—3,y—4,z—1):0 or |y|=|4]+s|1]|+t|2
2| 1] lo] |1

g—Ady+4dz=—9 & =(12,6,3)

(10 ¢) 7 = k(ﬁx&'): k(8,28,12) PP = (8,28,12) Let7 = (2,7,3)

2 (5 0 4
(2,7,3)0($—1,y—2,z—3)20 or |yl=|3|+s|3|+t|1 PU<1,2,3)
z -9 -7 -5
2r + 7y + 32 =25 |_;(

(10d)7n L n, and 7 L n, (2 planes are L if and only if their normals are 1 );

2 (2 2 1
ﬁ:k(n—;x@'):(6,30,18):6(1,5,3) ;Let:ﬁ:(1,5,3) or |yl=|1]+s|-1]|+¢| 1

2 3 1 -2
(1,5,3)0(m—2,y—1,z—3):O:>x+5y+3z:16
(10e)n=n=n, = (4,— 1,2) ; ( parallel planes have equal normals ) n A

v
(4,—1,2)0(m—2,y+1,z—3):0:>4x—y+2z:15 57

3l
>

(10f)3:ﬁ:(o,2,—3) -(sinceL L Pand 7 L P)

(2,1,-3)

(0,2,—3)0($—2,y—1,z+3):0:>2y—3z:11 u

(10 g) the line ( lies on both planes ) of intersection is to L both normals 7, and n,
sothat d = k (i) x ;) = (76,76,18) - 76(1,1,73) let:d = (1,1,73) or

—4 1 1

A (2] [2) [ ///
y|l=| 1 |+s|l|+t|2|= 2+ y—32z=15; alternative solution:

4 2 9 T

3 6 3

-1
7

Find the line of intersection for the unknown plane

=y :()+t(7l) and let 7 = d

z
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Solutions:

(11 a)EZ:k(Pl—PQ):k(l,—?),—7) ;LetEl':(l,—3,—7) ( or any multiple of this vector )

L: (x,y,z):(2,—1,—3)+t(1,—3,—7) or :(1,2,4)+t(1,—3,—7) P L
P4

(11b)L L 2planes — L L to both normals — ﬁzk(mx@):k(—11,2,—5) ;Let?l:(ll,—2,5)

L (2,9,2) = (1,—4,5) +¢(11,-2,5)

(11 ¢) ﬁ:(3,1,—4):3 L

(zyz) — (1,2,3)+t(3,1,—4)

27
—-17

11
—41

T y z=t
23 0 =7
0 23 1

15
-2

Bl -2 —1]15]5

Tt+11 —t —41 W
~ Y D L e L
T8 22 o) =P S

(z,y,z):[7t+11,7t741,t]:[£ _4 0]+t[l —%,1 is one possible solution!

23 23 23" 23’ 23’ w

(11 d)

(12 a) x = 3 plane parallel to front wall (yz plane) (12 b) 1 = (0,1,0) plane parallel to side wall (xz plane)
i = (1,0,0) Za
zytrace :2=3,y=0,z2=t1 yz trace ::
traces:y=0—x=3 A >
z=0—->x=3 (3,0,0) y
e ,
zytrace:z=3,2=0,y=t xytrace:y:—Q,z:O,x:'"i‘

(12 c) 7 =(0,3,2) plane parallel to x-axis (0,0, 3)

zztrace:z=3,y=0,z=t "

(0, 2,0) y z
< zytrace:y=2,2=0,x=t
(12 d) 7 = (3,2,0) plane parallel to z-axis X z
xztrace::z:=2,y:0_,z:t <'y§}@99.5x=0,y=3,z=t
.................. >
> / 0,300
X xy'trace:zzo,3x+2y:6—>(2—§t,t,0)
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Solutions: (0,0, 3) Az yztrace tz=0,y=t,2=3 AZ
4 N yz trace 1y +22=12,2=0
(12 e)x =3 plane (120 7 = (3,2,4) H(0,1272t,t)
n= (3,0,2) parallel to y-axis (0, 0, 6) |
> >
xz trace :3z+22=6,y= l >
zztrace 1y =0, 3z +4z =24 0,12,0
—(2-%,0,1) A Y (8—41,0,1) A ( o
(2,0, 0) (8,0,0) /x
X xytrace:x:2,z=0,y=t 1:ytrace:3a:§+2y:24,z:0
(8 — %t,t,0)
(13a)h = 2rea of parallelogram determined by ,F and d HW x ZZH
f i eaay
h= (8\/;3> _ \/22%7 ~ 2.89 units ;
0,
Po (1,0, -1) 5’:(3,1,4) L
il PO
h— (37\/%1710) - Vj%o ~ 6.42 units : ;
Po (-3, 2, 4) d=(3,1,4) L
distance =HProjﬁEI3H = RPei

o "
7]

(13 ¢) P(1,-1,3)A n=(3,—14)

_ 4 56— - ~ 0.78 unit

< | \/%
Po (0, 0, 5) /
distance =HProJ'rxﬁH _ P()H]sz 3
n

(13d) /' P(-1,0,0)s /o

= %JQ_ = B ~ 4.51 units

/ ............................ d‘7ﬂmqm*mﬁﬁ%w """ """ .
Po (0,0, 5)
A
(13 e) P(1,1,-1) ) ﬁ:dfxd_;:(2,1,—3)><(1,0,1):(1,_5,_1)
:%NO.QG unit

, o |(=2,1,-2)e(1,—5,~1
O Vo] stnce =fr 77 - | wa—?(f s
Po (3,0, 1) L,
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