Review Problems # 5

(1) Determine whether the following sets are LI or LD. Justify your answers.
(a) s, :{(2,1,—4)} . (b) S, :{(2,1,—4),(0,0,0)}
(c) S, = {(3,1,2),(6,2,4)} . (d) S, = {(1,0,1,1),(2,1,0,3),(1,—1,2,5)}

(2) Write (if possible ) © as aL.C. of v and w where
a:(11,3,22,11) ,6:(—1,2,3,4) and w:(3,—1,2,—1)

(3) Determine if v = (1,— 3,2) can be written as a L.C. of

u = (1,2,—1) T = (3,5,2) and u; = (4,7,1)

(4) Find a basis for each of the subspaces
(a) {(m,y,z) ERP2z+y—3z= O} ; (b) {(x,y,z,w) e R*

x+5y:0,z:0,w:0}

(5) Does (8,— 3,— 6) belong to span {(1,0,3),(—2,1,4)} ? Why or why not ?

(6) Determine the span of each of the following sets of vectors

n(2)(0
11131 4 1 2 3 ol -1l lo
(a) 4l 2 [,|1],| 3 | ;(b){|—1{,|-2[,|-3 ;(c)<2,0,1»
=5 1| |-4 311619 ol 13115
(7)
12 201y (1 20 % 1
2 4 0 31 001 —3 &
Lt A=l 106 3 4/oo0o0 o o "
2 4 4 0 2 0 0 O 0 0
find : (a)the Null Space of A , a basis for it and the dimension

b) a basis for Column Space of A and the dimension
c) write the non-basic column vectors as L.C.’s of Basic Column vectors
d) a basis for Row Space of A and the dimension
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(8) Let w,u,,u;,u, representthe column vectors of

1 -2 4 -5 1 0 0 -1
2 3 7 4 01 0 2

A:O 3 4 6 and Rzo 0 1 , the REEF of A
1 4 6 7 0 0 0 O

(a)Express u, asal.C.of u,u,,u,

( b) which one of the 4 vectors is not a L.C. of the other three?
( c) Are the column vectors of A LI or LD ? Justify

( d) Do the column vectors of A span R* ? Why or why not ?

( e) Find a basis for the Column Space of A
( f) Find a basis for the Null Space of A
( g) Find a basis for Row Space of A

T, — Ty +xy—22, =0

T, +x,— 2%, +x, =0

(9) Find the solution space of {

(10)  Show that span {(1,0,—3),(2,—1,4)} = span {(5,—2,5),(3,—1,1)}

5) 3 2
(11) (a)Write |9/ asalL.C.of |1| and |3
2 4 5
32115
(b)Does S, =1|1],|—3[,|9]|} span R® ? Explain
4119 |2

(c)Findaset S, of 3vectorsin R* which does span R* . ( Justify your choice )

—11 (2] |1
(12) Find what values of c is the set of vectors {| 0 |,|1],|1|t LD ?
—1112] (¢
2 0 1 0
1 2 1 1| (@) Show that{7;,7;,7;,7;} is LD
(13) Letov = | [suy, = [sv; =], [t =
2 1 1 1 ( b) Explain why these vectors do not span R*
0 2 1 0
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(14) Prove that the following subsets are not subspaces of the given vector space

T
! y
(a) S, =1{|y| € R’|pz =2yzt ;(b) S, = L|ER
z
w
T ((z
Y )
(c)S;=1|, € R'|zyzw =0} ; (d) S, = p
w w

(15) Prove that the following are subspaces of the given vector space

xT x

(a) s, =1ly 6R3|x+3y—z:0 (b)) S, =1y|eR’|z—22=0 ;(C)S’gz{y

zZ zZ

(16) Find a basis for subspaces in # 15 . State the dimension of each.

4

€ R'[3zy = 42wt ;(€) S, =

z=t+ly=t—-3,z2=t,w=t

T
Y ERgm’ZO,yZO,zZO

z

X

€ R’ |z = 3y}

(17) (a)Prove S =span {17’1,17’2,17’3} is a subspace of R* where v;,v,,v, are vectors in R*

( b) Is the dimension of S =3 ? ( Justify )
Answers

(1 a)LI;cl(2,1,—4):(o,o,o);»c1:o;(1 b)LD;o(2,1,—4)+ 5 (o,o,o):(o,o,o)

(1¢)LD; 2(3,1,2)—(6,2,4):(0,0,0) - (1d)LI;

(2) & = 47 + 5w

(83)visnotalL.C.ofu's — |2 5 T7|-3|—

o=

3
2

@a) 1 1|o|l is one possibility ; (4 b) {(—5,1,0,0)} is one possibility
1

0

1 21

1 0 2
1 3 5

0
0 1 —-1/0 0
0

non-zero
q

1 0
1

0 0

0 0 0

1 =cy=c3=0 uniquely

0
0
1
0

0
0
0
0
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Answers
1 -2 8
(5)yes! 2(0|—3| 1 |=]-3 :><8,—3,—6) is a L.C. of the 2 vectors
3 4 —6
. 1 3
(6 a) plane in R® with equation 7z —16y —52=0 or |y|=t| 2 |+¢|1] still a plane in R®
Z -5 1
. 1 p 0
T 1
Y 2 -1 0
(6b)linein R® |y|=t|—1| ; (6c)LI vectors A=l o 1T a 3-d subspace of R*
z
s w 0 3 2
_ _3 _ 1
x, —2s—3t—3r 2 2 P 0 (2
z, s 1 0 0
2110
(Ta) || =] tt—gr |=s|0 [+t|d [+r|=H S @)l |t id=2
Ly t 0 1 0
2| |4
s r 0 0 1
basis : {(72,1,0,(1,0),(%,0,%,1,0),(7%,0.7%.0,1)} - d=3
2 1) (O 1 2) (1 1 2
ol 2l ls| sl slollt] 4l2| i]o| o {1.2.201)(2.4031)} or
(7 c) =2\ lilo =2l sl =2l ]
10115113 215 4161741 25] - 416 {(1.2,0,4.4).(0,0.1,-4.4)
4 2110 2 4112 2 4

(8 @) u, = —u, +2u, + Ou, ; (8 b) u, (it cannot be isolated since it has a “0” coefficient )
(8 ¢) LD ( solution for ¢’s is parametric ; ¢, =1t )

(8 d) No! Span { col vectors of A } is a 3-d subspace of R* , not the entire space
@®e) {w.@.5} ;

z, t 1 1

T —2t -2 -2 { _ _ }
@0 [, |=| o |=t| ,|sbasis={ 1 9 (L—24,-5),(2,3,7,4),(0.3,4,6)

’ or first 3 row vectors of R

T, t 1 1
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Answers
1 1
z, ) 2
Ly 3 -3
(9) o | =5 ) +t 0 ; a 2-d subspace of R* ( same as Null Space A )
3
Ty 0 1

(10) both are planes whose equationis 3z + 10y +2z =10

3 5 . 311215 3| 2
1a)31]_2| 3| =lo| - (11 b) no! span{|1{,|—3|,|9|t = span {|1|,|-3|t ,
) 5|, ’ 415 |2 4] 5

- aplane in R* | not the entire space

(11 c) any 3 LI vectors will span R® ; for example {(1,0,0),(0,1,0),(0,0,1)} ; check det A =0

-1 2 1
(12)det | 0 1 1|=(-1)(c—2)—11)=—-c+1=0 whenc=1;ifdetA=0,A4~R
-1 2 ¢

where R has a row of zeros = parametric solution for ¢'s = vectors are LD

(13 a) det (171 v, Uy 174') = 0= vectors are LD i.e. related by a dependency equation

(13 b) you need 4 LI vectors to span the entire R*

2 6 8
(14 a) addition fails: = =|5|€ S, ; 1=[3|€ S, but u+v=|8|& 5,
1 5 6

5(2)=2(5)(1) 5(6)=2(3)(5 5(8)=2(8)(6)

(14 b) (0,0,0,0)ng2 sincez=t+1=0=>t=—1,y=t-3=0=>t=3,2=t=0,w=t=0

contradictory t's ; also you could show addition or scalar multiplication fails
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Answers
1 0 1
2 1 3
(14 c) addition fails: % = 0 €5, ; V= 5 €8, but i +7= ) ¢ S,
3 3 6
(1)(2)(0)(3)=0 (0)(1)(2)(3)=0 (1)(3)(2)(6)=0
1 4 5
0 1 1
(14 d) addition fails: 4 = 5 €S, ;v= ] €S, butu+v= 5 ¢S,
0 3 3
3(1)(0)=(4)(2)(0) 3(4)()=(4)(1)(3) 3(5)(1)=(4)(3)(3)
T 4 rT+p
(14 e) addition works: u=|y|e€ S, ; 1=|¢q|€ S, and u+v=|y+q|€ S,
% r 247
220,y>0,2>0 p=0,¢=0,7>0 z+p=>0,y+¢=>0,z+r=>0

scalar multiplication fails: (1,2,3) €S, but — 2(1,2,3) = (—2,— 4,— 6) & S,

x —3s+t -3 1 _3
(15a) Let: |y|= s =s| 1 |+t|0|=sa, +ta, ; where basis vectorsare a;, =| 1 | and a, =
z t 0 1 0
Let: u =aa, +ba, €S, and v =ca, +da, € S,
addition: 4 +7=(a+c)a, +(b+d)a, € S, .
scalar multiplication : ki =(ka)a, +(kb)a, € S, — Si Isasubspace of
T 2% 2 0 2 0
(15b) Let: |y|=|s|=t|0|+s|l|=ta + sa, ; where basis vectors are a; =|0| and a, = |1
z t 1 0 1 0

proof: same as in (15 a)

_ O
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Answers

T

3t 3 3
= =t|_ |=ta, ; where basis vectoris a; =
Y 1

(15 c) Let: 4 1

Let: 4 =aa, € S, and v =ba, € 5,
laddition tu+v=(a+b)a €8,

e _ - — S3 is a subspace of R®
scalar multiplication : ki =(ka)a; € S,

m6a{@3Jﬁy@ﬁJﬂ,d=2;06m{@@J)@Jﬁ»,d=2;m6q{@gﬂ,d=1

=7 +50, +tu; €8

g v < 8

u=av, +bv, +cv, €8
U=cv +duv, +ev, €S
_ - _ — S is a subspace of R*
=(a+c)vy, +(b+d)v, +(c+e)v, €8

v
and ki =(ka) @ + (k)T +(ke); € S

(17 b) No! dimension of S = 3 only if {17’1,17'2,173} is LI and we don'’t know that.

Any of these options is possible:

The dimension is either 0 ( if all vectors are O |,
1 (if all vectors are multiples ),
2(if vy=alL.C.ofy andw, ),

or 3 ( if vectors are LI )
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